
 

Integral Calculus on Surfaces do Carmo 2 5

We have talked about differential calculus on surfaces

Now we move on to integration

Question Given a function f S B on a surface S

how to define f

Some properties about integration on RZ

l For any bounded subset UE R2

I Area U

2 Change of variable formula

f X y dx dy flu v Jac0 dudu

J
L

where U U is the change of coordinate transformation

U v X cu v y cu v

with Jacobian determinant

Jacol det dol det III
u

E.g Jac r for polar coordinates r O



3 I various Fundamental Theorems of calculus

Green's Theorem Stokes Theorem Divergence Theorem

d w f w

r ar

Def't The support of a function f S B is defined as

a closure in S

Sp1 f f X E S f x to

Def'd Let I U V E S be a parametrization of S

and F S R be a function at Spt f E V

Define

x f i fo I I x 3 11 dudu

Remark The deft is independent of the choice of XI i.e

if I U Es is another parametrization then

foe 113 x3 11 dudu
p
Ju fo I III x3 11 dudu

a change of variable Ex Prove this
formula



Note If the function f is not supported on a single coordinate

neighborhood i e sptCf V one can use a partition of

Unity to decompose into a finite sum

f I f s.t sptta E Van
x

s t each f x is contained in a single word nbd Vx Then

f fa

In practice if I U S is a parametrization which

covers almost all of S except a set of measure zero

then is still applicable

Example Area of the sphere

The parametrization XI co
2T x 0,1T 82cm

XI 0,4 rsiny cos O rsing sin 0 rcosf

covers almost the whole sphere Er except for a latitude

Area Sir f 1
Ecr

sisi's
4Tir



Vector fields on surfaces do Carmo 2 6

Def'd A vector field on S is just a smooth map

S IRS

tangential if Vcp C Tps Vp c S

normal if Vcp 1 Tps Vp c S

Def'd A surface S E 1123 is orientable

if 7 unit normal vector field N S IRS

i.e Ncp 1 Tps H Ncp 11 1 f p E S

Examples
y f g

ii Ii
t 9

plane orientable
Sphere

N
N P

Ti T NOT
a
Mobius orientable

strip N

TNfo b i

N N flips after travelling
around the central circle once



Remarks Ct Any orientable surface S has exactly 2

distinct orientations N and N

fo
N

ti
i
f
N

2 Orientability is a global property

FACT Any surface is locally orientable

Fix a chart XI UE R V E S

Tps

N
3 FE nq.EE
HEE x till

L s

unit normal vector field
defined locally on V

Ex Canyou find another V

parametrization that induces
the opposite orientation

zu U E 1122

u



3 One can also define orientability from an intrinsic

point of view

A smooth n manifold M is orientable if

7 Collection of charts Ig Ua EIR M sit

Ia Un M and the transition maps

Yap Ij Ea Ua Up
are orientation preserving diffeomorphisms

Examples of orientable surfaces

1 Graphical surfaces

S graph f for f U E R IR smooth

2 Level surfaces

S F ca

where a C IR is a regular value of F R IR smooth

Exercise Prove that they are orientable surfaces



Differential topology of surfaces

Def A surface S E IRS is closed

if S is compact without boundary

Classification of surfaces

A closed orientable surface is homeomorphic to one and

only one of the following

txt

genus o I 2 G
i.e number
of holes

Euler 0 2 2 2g
characteristic 2

x

Remark There is also a classification of non orientable

closed surfaces given by the real projective plane

Klein bottle etc


